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Abstract
It is known that a one-relator group G with at least three generators admits a proper free
product with amalgamation decomposition (A?B;C) with nitely generated factors. We call
such a decomposition a Baumslag{Shalen decomposition. Little is known of the exact nature
of the factors. Here we rst prove that if the amalgamated subgroup is nitely presented, in
particular free, then each factor is nitely presented. Using this we show that if G is a torsion-free
one-relator group with Baumslag{Shalen decomposition (A?B;C) with C free, then each factor
is homologically equivalent to either a free group or a one-relator group. Furthermore, sucient
conditions are obtained for G to be cyclically pinched if the factors are free groups. c© 1999
Published by Elsevier Science B.V. All rights reserved.
MSC: 20E06; 20F05; 20J05
1. Introduction
A free product of two groups with one amalgamated subgroup, denoted by (A?B;C),
is called proper if the amalgamated subgroup C is a proper subgroup of each of the
factors A and B, and C has index greater than 2 in one of the factors. Let G be a
nitely presented group. If G has deciency greater than one, Baumslag and Shalen
[3] have proved that G admits a proper free product with amalgamation decomposition
(A?B;C) where the factors A and B are nitely generated. From a result of Baumslag
[1], it is known that in this case the amalgamated subgroup C is also necessarily nitely
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generated. An example in [3] shows that in this decomposition the factors need not be
nitely presented. Therefore, little is known of the exact nature of the factors other than
their existence. We will call a proper free product with amalgamation decomposition
(A?B;C) with nitely generated factors a Baumslag{Shalen decomposition.
In particular, any one-relator group with at least three generators admits a Baumslag{
Shalen decomposition. The purpose of this paper is to examine the nature of the factors
A and B when G is a one-relator group. In Section 2 we give some specic general
classes of examples of Baumslag{Shalen decompositions for one-relator groups. In
all these examples, the factors are either free groups or one-relator groups. These
examples indicate that a common situation is for the amalgamated subgroup in such a
decomposition to be a free group. We concentrate on this case and show rst in Section
3 that this implies the factors must be nitely presented (a result known but unpublished
by Baumslag and Shalen [4]). Furthermore, we conjecture that if G is a torsion-free
one-relator group with Baumslag{Shalen decomposition (A?B;C) with C a free group,
then A and B must either be free groups or one-relator groups. This conjecture is proved
\up to homology"; that is, if G=(A?B;C) with G a torsion-free one-relator group and
C a free group, then each of the factors A and B is homologically equivalent to either a
free group or a one-relator group. (See Section 4.) In Sections 5{7, we concentrate on
specic types of decompositions for both torsion-free and torsion one-relator groups.
In particular, we give a set of sucient conditions on the amalgamated subgroup C
such that if A and B are free groups, then the resulting one-relator group must be
a cyclically pinched one-relator group (see Section 5). Finally, in Section 8 we give
some results on amalgam decompositions for free groups.
2. Examples of Baumslag{Shalen decompositions for one-relator groups
If G is a one-relator group with at least three generators, then from the Baumslag{
Shalen result cited above, G admits a proper free product with amalgamation decompo-
sition (A?B;C) with A; B and C all nitely generated. As indicated, we will call such
a decomposition a Baumslag{Shalen decomposition. The most straightforward example
of this is the case where G is a cyclically pinched one-relator group. We recall that
such a group has a presentation:
G = ha1; : : : ; ap; b1; : : : ; bq;U (a1; : : : ; ap) = V (b1; : : : ; bq)i; (1)
where U (a1; : : : ; ap) is a non-trivial word in the free group on a1; : : : ; ap and V (b1; : : : ; bq)
is a non-trivial word in the free group on b1; : : : ; bq. A large theory of cyclically pinched
one-relator groups has been developed. (See [2] or [9].) Of note is that the isomor-
phism problem for such groups has been solved by Rosenberger [10]. He showed that
given a specic cyclically pinched one-relator group, there is an algorithm to deter-
mine if a given one-relator group is isomorphic to it or not. A cyclically pinched
one-relator group with the presentation (1) admits a Baumslag{Shalen decomposition
with A=ha1; : : : ; ap;−i a free group, B=hb1; : : : ; bq;−i a free group and C=hU i=hV i
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innite cyclic. An extension of the cyclically pinched case is provided by the one-relator
group with torsion:
G = ha1; : : : ; ap; b1; : : : ; bq; (U (a1; : : : ; ap)V (b1; : : : ; bq))n = 1i;
where n> 1. Here let h=UV . Then G admits a Baumslag{Shalen decomposition with
A = ha1; : : : ; ap; h; hn = 1i a torsion one-relator group, B = hb1; : : : ; bq;−i a free group
and C = hU−1hi= hV i innite cyclic.
Now suppose G = ha1; : : : ; ak ; b;Ri, where
R= u1(a1; : : : ; ak)b1u2(a1; : : : ; ak)b2    un(a1; : : : ; ak)bn :
Suppose d = gcd(1; : : : ; n)> 1. Let x = bd. Then G decomposes as a free product
with amalgamation (A?B;C) with A; B and C as follows:
A= ha1; : : : ; ak ; x;R1i;
where R1 = u1(a1; : : : ; ak)x1=d    un(a1; : : : ; ak)xn=d,
B= hbi and C = hbdi:
That is, A is a one-relator group, and B and C are innite cyclic.
This example can be modied in various ways. As before, let G = ha1; : : : ; ak ; b;Ri
with R = u1(a1; : : : ; ak)b1    un(a1; : : : ; ak)bn . Assume this time that each syllable
ui(a1; : : : ; ak) 2 C, 1  i  n. Then we have G = (A?B;C), where A = ha1; : : : ;
ak ;−i is a free group by the Freiheitssatz, B = hb; ud11 ; : : : ; udnn i is a one-relator group
with di the gcd of all the exponents of the occurrences of ui; 1  i  n, and
C = hud11 ; : : : ; udnn ;−i is a free group.
As another modication, suppose G = ha1; : : : ; ak ; b;Ri, where
R= u(a1; : : : ; ak)b1a
1
k    bnank
and suppose that x = u(a1; : : : ; ak) and y = ak generate a free group of rank 2 in the
free group on a1; : : : ; ak . Then G decomposes as a free product with amalgamation
(A?B;C) with
A= ha1; : : : ; ak ;−i a free group;
B= hb; x; yi a one-relator group;
and
C = hx; y;−i a free group:
3. Amalgams with the amalgamated subgroup a free group
In each of the above examples, the amalgamated subgroup is a free group and each
of the factors is either a free group or a one-relator group. We rst verify in this section
the unpublished result [4] that if the amalgamated subgroup is a free group, then each
factor must be nitely presented. For the proof, the following lemma is needed.
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Lemma 1. Suppose G=(A?B;C) and W = a1b1 : : : anbn 2 G with ai 2 A and bi 2 B;
1  i  n. Then if W = 1 and some bi 62 A; it follows that W = 1 : : : t with j 2 B;
and it takes only nitely many relations in A to rewrite W this way.
Proof. We use induction on the syllable length of W . Since some bi 62 A, the smallest
possible length of W is 4. Suppose a1b1a2b2 = 1 and assume b2 62 A. Then b1 62 A
for otherwise b2 = a−12 b
−1
1 a
−1
1 2 A. Since G is a free product with amalgamation, it
follows that either a1 2 B or a2 2 B, and hence both are in B. Therefore, W =1b12b2
with 1; 2 2 B. Furthermore, this implies that a1; a2 2 C and only two relations in
A are needed to rewrite W, namely, a1 =!1(c1; : : : ; cm) and a2 =!2(c1; : : : ; cm) (where
c1; : : : ; cm are the generators of C written as elements of A).
Now suppose W =a1b1 : : : akbk=1 and the syllable length is 6 or greater; i.e., k  3.
If some bj 2 A we get a collapse ajbjaj+1 2 A to obtain a word of syllable length
2k − 2 with some bj 62 A. Since the collapse involves no relations in A, the result
would follow. Consider next the case where W has all bj 62 A. Since W =1, then some
ai 2 B. We then get a collapse bi−1aibi 2 B that gives a word of length 2k − 2. This
collapse requires only possibly one additional relation in A, namely, ai=!i(c1; : : : ; cm),
and so the result follows.
We are now ready to prove:
Theorem 1. Let G be any nitely presented group and let (A?B;C) be a Baumslag{
Shalen decomposition for G. Then if C is nitely presented; it follows that both A
and B are nitely presented.
Proof. Suppose G = hx1; : : : ; xq;R1; : : : ; Rli. Let R stand for the nite set of relations
R1; : : : ; Rl. Since G has a Baumslag{Shalen decomposition (A?B;C), then G also has
a presentation
G = ha1; : : : ; an; b1; : : : ; bm;A; B; Di; (2)
where A= ha1; : : : ; an;Ai and B= hb1; : : : ; bm;Bi are, respectively, presentations for A
and B, and D is the set of nitely many (since C is nitely presented) amalgamating
subgroup relations. Clearly, A and B can be innite. By Tietze transformations we
will rewrite presentation (2) so that there are only nitely many relations involving
a-symbols and these will be dening relations for A.
Let CA be the nite set of dening relations for C within A and let CB be the
corresponding set of dening relations in B. We add to presentation (2) the generators
x1; : : : ; xq, the sets of relations R; CA and CB and the three sets of relations expressing
the connection between the a-symbols, b-symbols and x-symbols, namely
RA = fai = !i(x1; : : : ; xq); i = 1; : : : ; ng;
RB = fbj = uj(x1; : : : ; xq); j = 1; : : : ; mg;
RX = fx =W(a1; : : : ; an; b1; : : : ; bm); = 1; : : : ; qg:
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All these sets of relations are derivable in G so that G now has a presentation
G = ha1; : : : ; an; b1; : : : ; bm; x1; : : : ; xq;A;B;R;CA;CB;RA;RB;RX ;Di:
We use the set RA to rewrite the relations A in terms of x-symbols and call this
rewritten set A0. Now, R is a complete set of relations in terms of the x-symbols and
so A0 is derivable from R. Therefore, maintaining the relation sets RA and RX , A0
can be deleted. It follows that now G has a presentation
G = ha1; : : : ; an; b1; : : : ; bm; x1; : : : ; xq;R;CA;CB;RA;RB;RX ;Di;
where the sets R;CA;CB;RA;RB;RX and D are all nite.
We use the relations RX to eliminate the x-generators. These must then be substituted
in R, RA and RB to give us new relation sets R0, R0A and R
0
B written in terms of
a-symbols and b-symbols. Consider the relations R0. We have R0=R01[R02, where R01
represents the relations in R0 involving only a-symbols and R02 represents the relations
in R0 involving both a-symbols and b-symbols. Using Lemma 1, each relation in R02
can be rewritten as a relation entirely in b-symbols. We call this set R022. Let R
0
21 be
the set of relations in a-symbols needed to rewrite the relations in R02 as relations in
R022. Since R
0
2 is nite, then, from the lemma, R
0
21 is also nite.
In an analogous manner we can consider R0A. As above, R
0
A=R
0
A1[R0A2 , where R0A1 is
the set of relations in R0A involving only a-symbols and R
0
A2 is the set of relations in R
0
A
involving both a-symbols and b-symbols. As in the case of R02, each relation in R
0
A2 can
be rewritten as a relation in b-symbols and this requires only nitely many (possibly
new) relations in A. As before, let R0A21 be the set of relations in a-symbols needed to
rewrite the relations in R0A2 in terms of b-symbols, and let R
0
A22 be the corresponding
relations in b-symbols.
Identically, we would have R0B1 , R
0
B21 and R
0
B22 . However, R
0
B1 is empty. Let
  =R01 [R021 [R0A1 [R0A21 [R0B21 [ CA:
This is a nite set of relations all involving only a-symbols. The set R022 [R0A22 [R0B22
is a set of relations in b-symbols, which are all then derivable from B.
After the eliminations and rewrites it follows that G has the presentation
G = ha1; : : : ; an; b1; : : : ; bm; ;B;Di: (3)
Furthermore, since CA  and CBB, the relations D still dene a subgroup iso-
morphism on C. Since G = (A?B;C) and ha1; : : : ; aniG = A and D gives a subgroup
isomorphism presentation, then (3) denes a presentation of the free product with amal-
gamation. Hence, from the normal form theorem for free products with amalgamation,
a presentation for A is given by the a-generators together with the relations involving
only the a-generators. Therefore,
A= ha1; : : : ; an; i:
Since   is nite, it follows that A is nitely presented. An identical argument shows
that B is nitely presented.
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If the amalgamated subgroup C in a Baumslag{Shalen decomposition is a free group,
then since C is nitely generated, we obtain the following corollary.
Corollary 1. If (A?B;C) is a Baumslag{Shalen decomposition for a nitely pre-
sented group G with C a free group; then both A and B are nitely presented.
4. The amalgam conjecture for one-relator groups
We now concentrate on the case where the amalgamated subgroup is free. Based on
the examples in Section 2, we make the following two conjectures:
(i) The Strong Amalgam Conjecture. If (A?B;C) is a Baumslag{Shalen decom-
position for a torsion-free one-relator group G; then A and B are either free groups
or one-relator groups and C is a free group.
(ii) The Amalgam Conjecture. If (A?B;C) is a Baumslag{Shalen decomposition
for a torsion-free one-relator group G with C a free group, then A and B are either
free groups or one-relator groups.
Probably, neither of the amalgam conjectures is true in the general form stated
above, although no counterexamples have been found. However, clearly, a group can
have many dierent Baumslag{Shalen decompositions. The most likely modication of
the conjectures is:
(iii) The Amalgam Conjecture(). Let G be a torsion-free one-relator group. Then
G admits a Baumslag{Shalen decomposition (A?B;C) with A and B either free
groups or one-relator groups and C a free group.
We now show that the amalgam conjecture (ii) is true up to homology. For relevant
results and denitions in homology we refer to Brown [6]. For a ring S and a group G,
we let Hi(G; S) be the ith homology group with coecients in S. In particular, Hi(G)
stands for the ith homology group with trivial integral coecients. For any group G
we have H0(G)=Z and H1(G)=Gab. For a free group F; Hi(F)= 0 for i 2. If G is
a torsion-free one-relator group with relator R, let G=F=N (R) where F is the ambient
free group. Then (see [6]) Hi(G) = 0 for i> 2 and
H2(G) =
(
Z if R 2 F 0;
0 otherwise:
We say that two groups G1 and G2 are homologically equivalent over S if Hi(G1; S)=
Hi(G2; S) for all i. Clearly, isomorphism implies homological equivalence. However,
if G is a torsion-free one-relator group it is clear from the above that G can have the
same homology as a free group but not be free.
For a proper free product with amalgamation decomposition (A?B;C) for a group
G, we have the Mayer{Vietoris sequence (see [6]):
   ! Hn(C)! Hn(A) Hn(B)! Hn(G)! Hn−1(C)!    :
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We now obtain:
Lemma 2. Let G be a torsion-free one-relator group and let (A?B;C) be a Baumslag
{Shalen decomposition for G with C a free group. Then both A and B are homolog-
ically equivalent over Z to either a free group or a one-relator group. That is; the
amalgam conjecture is true up to integral homology.
Proof. Since Hi(C)=0 for i2 and Hi(G)=0 for i>2, the Mayer{Vietoris sequence is
   ! 0! H4(A) H4(B)! 0! 0! H3(A) H3(B)! 0! 0
! H2(A) H2(B)! H2(G)! H1(C)! H1(A) H1(B)! H1(G)! 0:
An immediate consequence of the exactness of the sequence is that Hi(A)=Hi(B)= 0
for i> 2. We consider the two possibilities H2(G) =Z and H2(G) = 0. If H2(G) =Z,
we have, assuming that C has rank 
0! H2(A) H2(B)! Z! Z ! H1(A) H1(B)! H1(G)! 0:
We see that H2(A) and H2(B) are nitely generated. Moreover, H2(A)  H2(B) has
only one generator. Therefore, H2(A)=0 and H2(B)=Z, or H2(A)=Z and H2(B)=0.
That is, one of the factors in the amalgamated product is homologically equivalent
over Z to a free group and the other factor is homologically equivalent over Z to a
torsion-free one-relator group. And if H2(G) = 0, we conclude from
0! H2(A) H2(B)! 0! H1(C)! H1(A) H1(B)! H1(G)! 0
that H2(A) =H2(B) = 0. That is, A and B are homologically equivalent over Z to free
groups.
Now, every abelian group can be regarded as a trivial G-module for any group G. It
follows immediately, then, from the Universal Coecient Theorem (see, for example,
[6]) that the result in Lemma 2 carries over to homology over any ring. Thus, we can
state:
Theorem 2. Let G be a torsion-free one-relator group and let (A?B;C) be a
Baumslag{Shalen decomposition for G with C a free group. Then both A and B
are homologically equivalent to either a free group or a one-relator group. That is;
the amalgam conjecture is true up to homology.
5. Amalgam decompositions with free group factors
We now consider Baumslag{Shalen decompositions for torsion-free one-relator groups
with free group factors. We show that under certain conditions the group must be a
cyclically pinched one-relator group. First, using either the Mayer{Vietoris sequence
or Euler characteristics, we get the following relation among the ranks.
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Proposition 1. Let G be a torsion-free one-relator group and let (A?B;C) be a
Baumslag{Shalen decomposition for G with A and B free groups. If G has rank n
and A; B and C have ranks ;  and ; respectively; then n= +  − + 1.
If a torsion-free one-relator group is cyclically pinched, we pointed out earlier that it
has a Baumslag{Shalen decomposition with free group factors. We now give conditions
to answer a type of reverse question. If a one-relator group G has a Baumslag{Shalen
decomposition with free group factors, must G be cyclically pinched?
Theorem 3. Let G be a torsion-free one-relator group of rank n with Baumslag{
Shalen decomposition (A?B;C) with both A and B free groups. Then G must be
cyclically pinched if either C has nite index in both factors or C is in the derived
group in both factors.
Furthermore; if C has nite index in both factors; then the groups A; B and C are
all innite cyclic; and G has a presentation of the form ha; b; ar = bsi with r; s> 1.
Proof. Let the ranks of A; B and C be, respectively, ;  and . Assume rst that C
has nite index in both free factors A and B, and let j=[A : C] and k=[B : C]. From
Schreier’s Theorem,
= 1 + (− 1)j = 1 + ( − 1)k:
Let =  6= 1. Proposition 1 then implies that n= 2− (− 1)j, which yields j  2,
contradicting our assumption that the decomposition is proper. Therefore,  6= . Using
the fact that one of the indices j and k is greater than 2, a straightforward calculation
leads to the contradiction n< 2. Thus, the only possible case is = = 1. Therefore,
G is cyclically pinched and, furthermore, has a presentation of the form ha; b; ar = bsi
with r; s> 1.
Now assume that C is in the derived group in both factors. We recall that H2(G)
is either Z or 0. In the case H2(G) = Z we use the rank rG of the \free part" of Gab
(i.e., the rank of the quotient of the abelianized group by its torsion subgroup). In our
case, Gab is free abelian of rank  + , and so rG =  + . Since G is a one-relator
group on n generators, H2(G) can be generated by 1−n+ rG generators (see [6]), and
the assumption H2(G)=Z implies that n=+. But n=+− +1 (Proposition 1).
Thus,  = 1. The case H2(G) = 0 is not possible. In fact, from the Mayer{Vietoris
sequence, we obtain the contradiction:
0 −! Z −! Z  Z −! Z+ −! 0:
This veries that G is cyclically pinched.
A result of Bieri [5] is that if G=(A?B;C) is a torsion-free one-relator group with
A and B nitely presented and C has nite index in A and B, then A and B must be
free groups. Combining this with Theorem 3, we get:
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Corollary 2. Let G be a torsion-free one-relator group with Baumslag{Shalen de-
composition (A?B;C). If C is a free group and of nite index in both A and B; then
A; B and C are all innite cyclic; and G has a presentation of the form ha; b; ar = bsi
with r; s> 1.
6. Amalgam decompositions with one-relator group factors
We still examine torsion-free one-relator groups but now consider the possibility of
one-relator group factors in a Baumslag{Shalen decomposition. Under the condition
that C is a free group, we get the following relation among the ranks.
Proposition 2. Let G be a torsion-free one-relator group and let (A?B;C) be a
Baumslag{Shalen decomposition for G with A and B torsion-free one-relator groups
and C a free group. If G has rank n and A; B and C have ranks ;  and ;
respectively; then n= +  − − 1.
We recall that a surface group of genus g, denoted by Sg, is the fundamental group
of a closed orientable surface of genus g. This group has a torsion-free one-relator
presentation of the form:
Sg =
*
a1; b1; : : : ; ag; bg;
gY
i=1
[ai; bi] = 1
+
:
For a surface group we have (see [6]):
Hi(Sg) =
8<
:
Z; i = 0; 2;
Z2g; i = 1;
0; i > 2:
Using the same type of homological techniques as before, we obtain the result that
if A and B are torsion-free one-relator groups and C is a free group, all of nite ranks,
and G= (A?B;C) is a one-relator group, then either H2(A) = 0 or H2(B) = 0. Hence,
we can state:
Proposition 3. Let A and B be surface groups of nite genus and C a free group of
nite rank. Then a one-relator group G cannot have a Baumslag{Shalen decomposi-
tion of the form (A?B;C).
7. Torsion one-relator groups
If (A?B;C) is a Baumslag{Shalen decomposition for a one-relator group with tor-
sion, then one of the factors must have torsion. We consider the case where one factor
is a free group and the other is a one-relator group with torsion. We can also say
something about homology in the torsion case.
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Proposition 4. Let G be a one-relator group with torsion; and let (A?B;C) be a
Baumslag{Shalen decomposition for G with A and C free groups and B a one-relator
group with torsion. If G has rank n and A; B and C have; respectively; ranks ; 
and ; then n =  +  − . Also; if Rm and Sq are; respectively; the dening relators
of G and B; then m= q.
Proof. This can be seen immediately from the Euler characteristics. Using (G) =
(A) + (B)− (C), we have [7]: 1− n+ 1=m= (1− ) + (1− + 1=q)− (1− ), or
n− −  + = 1=m− 1=q. It follows that m= q and that n= +  − .
As above, let G and B be one-relator groups with torsion. Consider G and B as factor
groups, respectively, of the free groups FG and FB. The integral homology groups of
one-relator groups with torsion are known [8]. Thus, H0(G) = Z; H1(G) = Gab and
H2(G) =
(
Z if Rm 2 F 0G;
Ze otherwise;
where e is the gcd of the exponents of the generators in Rm. Also, Hi(G) = 0 for
odd i 3 and Hi(G) = Zm for even i 4. Similar results hold for the group B.
Proposition 4 then yields Hi(B) = Zq = Zm = Hi(G) for even i 4.
In addition, the Mayer{Vietoris sequence immediately gives us:
Proposition 5. Let G = (A?B;C) be a one-relator group with torsion; as described
in Proposition 4. Let e and f be the greatest common divisors of the exponents of
the generators in the dening relators Rm and Sq. Then H2(G) = Z if and only if
H2(B) = Z. If H2(G) 6= Z; we have e = f.
8. Amalgam decompositions for free groups
Our techniques also say something about possible amalgam decompositions for nite-
rank free groups. Exactly the same argument used above shows that the ranks must be
additive.
Proposition 6. Let A; B; C and G be free groups of ranks ; ;  and n; respectively.
Then if (A?B;C) is a Baumslag{Shalen decomposition for G; we have n= +− .
Finally, arguing as in Theorem 3, another immediate consequence of Schreier’s
Theorem, is the result:
Proposition 7. A free group cannot have a Baumslag{Shalen decomposition with the
amalgamated subgroup of nite index in both factors.
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